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Abstract: The analysis of two-layer sheet bending moment package under plane strain  conditions, taking into account the strain 
hardening. Approximate analytical dependence for the largest radial compressive stress and the relative displacement of the radius of 
the neutral surface of the inner layer. The possibility of increasing the permissible degree of deformation and reduce the relative radius 
of curvature of the inner layer. 
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1. Introduction. 

Molybdenum is one of the most perspective heat resistant 
metal for creating structures used in various technologies of 
engineering. Products made from molybdenum alloys work 
in high temperature, radiation exposure , plasma and high-
speed gas flows in contact with aggressive environment and 
melts. These products work in contact with liquid metals and 
their vapors in power systems of spacecraft, at temperatures 
up to 20000 С [1]. A similar situation occurs in the high 
temperature crystallization from melt of refractory 
dielectrics. In these processes, crucibles made of sheet 
molybdenum, working in contact with a melt at 
temperatures 21000С [2]. 
A heat resistant construction from sheet molybdenum, in 
most cases are the type of products of thin shells that are 
currently produced using a bending flame heating in an air 
atmosphere combination with welding[3,4].According to 
State standard specification (GOST) 17431-72 and “Product 
Specification Plansee” (Molybdenum Sheet PH-IHF 012, 
date of issue: 2011-08-02)molybdenum sheets with 
thickness of 0,25-0,65 mm used for fabrication of heat 
resistant constructions, have the following mechanical 
properties: yield stress 2

0,2 590 (60 m ,/ )mMPa Kgσ =   

tensile strength 2=690 (70Kg / m ),mb MPaσ   total 

elongation 5%. 
These characteristics are defined by a uniaxial tensile 

test, in the first approximation allow to evaluate the ability 
of the material to forming also under complex stress state. 
One of the main performance of sheet metal, that deformed 
in conditions of a plastic bending is the minimum value of 
the relative radius, which is determined from the condition 
of equality of the largest relative deformations in the linear 
tension and circumferential strain tension of the outer layer 
[5]. From the specified equality, without taking into account 
pressing  of the layers to each other, determined the 

minimum value of the relative radius ( ) ( )min
1- 2r s δ δ≥  

(where ,r s -accordingly, the inner bending radius and the 
thickness of the sheet).Calculations show that for sheet 

molybdenum ( )min
9,5r s ≥ i.e. with a further decrease of the 

relative radius on the outer side of bending molybdenum 
sheet value of circumferential tension strain reaches the limit 
value and there will be destruction. According to the 
technological recommendations [5] the relative minimum 
bending radius (ratio) depending on the direction of rolling, 

the limits are set to ( )min
1 2r s≤ ≤  ,

which significantly less 
than the permissible value for the molybdenum sheet. 
Resource tests of heat-resistant products show that they fail 
due to fracture in welding areas, and their widespread 
application is constrained by another strong oxidizability 
molybdenum at elevated temperatures, and therefore the 
process of growing refractory single crystals carried out 
under high vacuum(5.10-5 Torr) [2]. Consequently, the 
development of new methods and technologies forming of 
heat-resistant products made of molybdenum sheet, 
providing the required design and performance and 
preventing the emergence of micro-defects in the finished 
product is an actual scientific and technical problem. 
Difficulties of applying traditional general machine-building 
technologies forming of sheet molybdenum consist in the 
fact that in the process of deformation, due to the limited 
ductility, in certain parts of products tensile stresses occurs 
exceeding the permissible values, therefore destruction of 
material and forming process stops. 
2. Statement of the problem and analysis of 

the stress state. 
 One of the feasible forming of molybdenum sheet is its 
deformation under a two-layer sheet package, consisting of 
internal and external molybdenum layers made of sheet steel 
with high technological ductility[6]. 
In forming a two-layer sheet package from the outer layer 
on a sheet molybdenum contact stresses are hindering the 
growth circumferential tensile stresses and contribute to 
increase the permissible degree of deformation. It is obvious 
that contact stress values should depend on the mechanical 
properties and thickness of the outer layer. Quantitative 
assessment of these stresses, due to the uncertainty of stress 
fields in the general case of forming thin shells is quite 
difficult task, so in this paper we consider the simplest case 
of forming - plastic bending moment of a two-layer sheet 
package. 
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          Fig.1 Scheme of a two-layer sheet bending package 

Let us consider  the bending moment of a wide double-layer 
sheet package, consisting from the internal, molybdenum 
layer with thick 1t  and an outer, steel with thickness 2t .We 

assume that the change in curvature of a median surface of 
the package sheet comes under plane strain conditions. 
Replace the influence of the outer layer of radial contact 
stress and consider plastic equilibrium Mo layer under the 
combined action of bending moment and radial contact 
stress  (Fig.2) 

 

 

 

 

 

Fig.2 Scheme of bending moment and longitudinal load 

From Figure 2, it follows that to comply with the equilibrium 
conditions in the presence of radial contact stress is necessary 
that the thickness of the sheet in the longitudinal direction acted 
some compressive load N , the effect of which should be 
reflected in the stress redistribution in thickness and on the 
location of the neutral surface. When the proportion of the 
thickness in which circumferential stresses have a negative value 
should be increased, and more than half the thickness of the 
sheet, and the neutral surface to be displaced towards the outer 
surface, thus reducing the tensile deformation of the outer 
circumferential layer and an increase in allowable degree of 
deformation. 
A longitudinal compressive load N  can be expressed in terms of 
a conditional, the average thickness, compressive stress 0σ , 
which is established on the basis of the relationship between the 
radial contact stress and conditional 0 1k t Rσ σ= . 
Analysis of the stress state will spend without the influence of 
shear (transverse) forces on the field of stress and strain 
hardening take into account the power dependence of yield stress 
of the equivalent strain [5,7].  

n
s Aσ ε=  ,   (1)  

where A and n - strain hardening parameters, depending on the 
mechanical properties of deformable material and determined 
from the relation ( )ln 1 ,n δ= + -n n

bA e nσ=  ( bσ and δ

accordingly, the tensile strength and relatively uniform 
elongation at a linear tensile of deformed material) [5,7,8]. 
Following [5],we assume that the deformations in (1) may be 
replaced approximately true (logarithmic) tensile strains 

(compression) in the circumferential direction ( )ln nθε ρ ρ= ±  (

ρ and nρ - accordingly, curvature radii of the element and the 
neutral surface).The equilibrium equation in the polar coordinate 
system, taking into account equation plasticity hypothesis of 

constant maximum tangential stresses ( )- sρ θσ σ σ= ±  and the 
relation (1) is given to the differential equation 

ln
n

n

d
A

d
ρσ ρρ
ρ ρ

 
= ± ± 

 
 ,  (2) 

where, the plus sign refers to the area of circumferential tensile 
and the minus sign - to the compression of circumferential zone. 
The integration of equation (2) using the boundary conditions at 
which kρσ σ= when Rρ = and 0ρσ = when ,rρ = leads to 

dependency for the extension zone  
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Depending (3) and (4) characterize the change of stress ρσ  and 

θσ stress in thickness of bendingof molybdenum sheet with the 
influence of strain-hardening and radial contact stresses. 

3. Radius of the neutral surface 

In [5] it is shown that the bending moment of a wide band radius 
of the neutral surface, defined on the basis of various models of 
deformable material (perfect rigid-plastic, ideal rigid-plastic with 
linear and power hardening) is expressed identical dependence 

( )1 2
n Rrρ =  on the basis of what it is made reasonably be 

concluded that the actual conditions of bending strain hardening 
will not have a significant effect on the position of the radius of 
the neutral surface. 

From the continuity conditionof the radial stresses on the neutral 
surface when nρ ρ= , the first dependency (3) and (4)we have 

( )
1 1

ln 1 ln
n n

k n

n

R n
A r
σ ρ

ρ

+ +   + + =   
  

 . (5) 

The fractionality of degrees obtained equation can not convert it 
and get radius of dependence for the neutral surface in the form 
of analytical function. However, numerical analysis when

11 2r t≤ ≤ and 0,05n ≤  in that the assumption of equality of the 

type ( ) ( ) ( )1ln 1 lnnR n Rρ ρ+ ≈ + error in (5) does not exceed 

10%, on the basis of which it becomes possible to obtain 
approximate dependence 
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1
2

exp k
n Rr

A
σρ  ≈  

 
 .         (6) 

To evaluate the possible value of the radial contact stresses 
assume that sheet dual layer package conventionally is deformed 
as a whole, and the interface of layers coincides with the neutral 
surface. Assume further that the limits of strength of materials of 
layers are approximately the same, and the strain hardening 
exponent for the outer layer are much larger than the inner layer

2 1 1n n >> . Solving a similar problem for conditionally 
deformable sheet package, you can install the distribution of 
stress dependencies (when 0kσ = ) similar to (3) and (4). 
Figure 3 shows the distribution of stresses during bending of 
double-layer sheet package, conventionally deformed as a whole, 
with a relative minimum bend radius equal to 2.5.When 
determining the values of stress it is assumed that the respective 
values of the limits strength

1 2
690b b MPaσ σ= = , and the 

exponent in equation (1) for the outer layer is 0.2. Relevant 
parameters of strain hardening calculated by the method 
described in the previous section. 

 

Fig. 3. Stress distribution in bending double-layer sheet package 

Stress distribution shown in Figure 3, is somewhat arbitrary, both 
in connection with (both due to) the accepted model of 
deformable material, and assumptions about the finite size of the 
sheet bending under plane strain conditions. These conventions 
discussed in detail in [9], in connection with which the present 
paper these issues are not discussed. 
The highest relative magnitude (value) of the radial compressive 
stress on the neutral surface of the deformable sheet shareware 
package is defined as follows 

( )

22

2

1
max 2

2 2

- ln 1
1

nn

n
b

e t
n n R

ρσ
σ

+
  = +  +   

 .   (7) 

From the analysis of the expression (7) that the highest value of 
the radial compressive stress depends on the parameter of strain 
hardening of the outer layer, the relative radius of bending, and 
has an extremum. Figure 4 shows the graphs of this dependence 
for different values of the relative radius of the bending, from 
which it follows that a decrease in the relative location of the 
bending radius of the extremum is shifted to larger values of the 
parameter of strain hardening. 

 

Fig.4 Change of the dimensionless radial stresses depending on 
the parameter 2n  
When calculating the numerical values indicated
( ) ( )2ln 1 t R h t+ = , and taken values of three inner bending 

radius r mm (1, 1.5 and 2), with respective thicknesses of the of 
layers 1 0,6t = mm and 2 0,8t = mm. 

On the basis of previously received equality ρmax kσ = σ , 

substituting (7) into (6), we obtain the analytical dependence for 
the radius of the neutral surface (the subscripts 1 and 2 refer 
respectively to the inner and outer layers). 

( ) ( )

2
1

1 2
2 2

2 1

exp ln 1
1

n

n k
A tRr
n A R

ρ σ
+    = +   +     

 .    (8) 

4.Results and discussion 

The value of relative displacement of the neutral surface radius in 
the direction of the outer surface and the corresponding increase 
in the allowable degree of deformation (decrease of the radius of 
curvature) can be evaluated by comparing its finite value with the 
initial n nρ ρ∆ ( )( )-n n k nρ ρ σ ρ∆ =

 

( )

22 1

1 2

1 21
1 2

2 2

exp ln 1 -1
1

nn n
n

n n
n

e n t
n e n R

ρ
ρ

+  ∆   = +   +     
 .    (9) 

Such an assessment is made possible on the basis of sound in the 
previous section, the independence of the radius the neutral 
surface of the accepted model of deformable material and 
assumptions of equality

1 2b bσ σ= . 

Figure 5 presents a three-dimensional graph of the relative 
displacement of the radius of the neutral surface of appropriate 
indicators hardening 1n and 2n  layers at a predetermined radius 

of bending ( )2 0,405 ,h t ≈ ( 1r = mm, 1 0,6t = mm, 2 0,8t = mm,). 
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Fig. 5 Change the radius of the neutral surface depending on the 

parameters 1n and 2n  

From the analysis of the relationship (9) that it has an extremum 
that does not depend on the index 1n .Equating the result of 
differentiating (9) to zero we obtain 

( ) ( ) ( )2 2 2 21 ln - 1 1 0n n n h t+ + + =  ,  (10) 

where indicated ( ) ( )2 2ln 1 t R h t+ = . According to equation (10), 

given the ( )2h t  determined value of the index 2n  at which the 

dependence (9) takes extreme value ( )2 0,178n ≈  

Our results imply that the outer layer is most appropriate 
according to GOST 1542-71, the use of sheet alloy structural 
steel general purpose mark 25ХГСА 0.8 mm thickness
( )690 , 0,18b MPaσ δ≈ ≈ . 

Obviously the relative values of greatest compressive stresses 
and radial displacement of the radius of the neutral surface in 
bending actual conditions due to the relative slipping layers are 
significantly less than the values computed dependencies (8) and 
(9). For this reason, slightly increase the permissible value of the 
relative bending radius. 
Despite some arbitrariness of the analysis, the results obtained 
allow us to estimate the influence of different parameters and to 
some extent control the process of forming. 

Conclusions 

1. Analysis of a two-layer sheet bending package under 
plane strain taking into account the strain hardening in 
the absence of relative slippage. 

2.  Analytical dependences of the limiting values of the 
radial compressive stresses acting on the interface 
between the layers and the relative displacement of the 
radius of the neutral surface of the inner layer. 

3.  Shown that these dependences have extremums 
depending both on the relative bending radius, and the 
parameters of strain hardening of the outer layer. 

4.  Quantitative evaluation set relative ability to reduce the 
bending radius of the molybdenum sheet, and on the 
basis of the choices displayed for the outer layer of the 
material with predetermined mechanical properties. 
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